We summarize recent progress in understanding non-perturbative e ects of Yang-Mills (YM) and Yang-Mills Chern-Simons (YMCS) theories in three dimensions, based on a monopole-vortex vacuum condensate. In YM theory these include dynamical generation of a gluon mass, quantum vortex solitons, and and entropy-driven condensate of these solitons. This leads to con nement as well as CS uctuations (related to B+L violation). These two phenomena are both described in terms of topological linkings of closed vortices with a Wilson loop (con nement) or with each other (CS uctuations). In SU(N) YMCS theory with a level-k CS term, similar e ects occur for k less than a critical value kc 2N, while for larger k there is a phase transition to a purely perturbative regime with no dynamical mass (just the perturbative CS mass), solitons, or condensate.
Introduction
Three-dimensional YM theory has no ultra-violet divergences and no renormalization group (RG), so the concept of asymptotic freedom does not apply. But it does have|as perhaps has not been widely recognized|infrared slavery: Gaugeinvariant perturbative quantities 1;2;3;4 show infrared tachyonic poles, just as d=4 YM theory does. These poles arise from a negative sign not merely analogous to, but directly related to the negative sign of the d=4 -function (in both cases coming from the spin-dependent gluon couplings 5;6 ). The sign in question occurs in the gauge-invariant YM running charge at momentum p, which can be de ned 1 where, for gauge group SU(N),
(The running charge can be de ned via the pinch technique 1 either from the gaugeinvariant S-matrix 8 or from o -shell processes 7 ; in either case one nds a gaugeinvariant proper self-energy from which the running charge is read o , just as in QED; no reference is made to the RG.) The tachyonic pole in (1) leads to speci c non-perturbative e ects such as generation of a dynamical gluon mass and formation of a quantum-soliton condensate. These e ects would be absent if the sign in the denominator of (1) were positive. a A sharp test for infrared slavery in d=3 comes from adding a Chern-Simons (CS) term, to form YMCS theory. A level-k CS term generates 9;10 a perturbative mass m of size kg 2 =4 which removes all massless singularities (like the 1=p in the denominator of (1)) in gauge-invariant quantities. Roughly speaking, among other e ects the CS mass changes 1=p to (p 2 + 4m 2 ) ?1=2 . From (1, 2) and this remark it is clear that if k N there can be no pole in the running charge of (1), but this pole persists for k ' N so that there is a phase transition at some value of k N.
We will argue 11 that in the small-k phase one encounters what was already invoked for YM theory: Formation of a dynamical gluon mass M(k), whose size depends on k and which vanishes at a critical value k c of O(N). It is known 12 that classical YMCS, with no dynamical mass M(k), supports no nite-action solitons and thus has no candidates for a condensate, but we will show that with the quantum mass M there are such solitons if M is not too small. We have found two types of solitons, vortices and sphalerons, which have nite action; if, however, M is small enough the solitons become singular, as they do in classical YMCS theory 12 or vanish identically at M = 0. So there are no candidates for a soliton condensate for M = 0. This expresses the physical nature of the two phases.
We support our conclusions with several arguments. The rst is a straightforward (but lengthy!) gauge-invariant one-loop calculation 11 , using the pinch technique, and generalizing the earlier results of Pisarski and Rao 10 who calculated the conventional Feynman propagator in the Landau gauge. These authors' results cannot be used directly, since the Feynman propagator is gauge-dependent. As a result we can extract a one-loop running charge like (1), generalized to YMCS theory, which has a tachyonic pole for k less than the critical value k c = 29N=12:
(3) Of course, the one-loop numerical value 29/12 is hardly to be trusted to better than a factor of two, and higher-loop contributions are important b .
a In which case the on-loop gluon propagator is less singular in the IR than the free propagator, as in d=3 QED with massless fermions. b It is even possible that higher-loop corrections would reverse the tachyonic sign problem encountered at one loop, and lead to a xed point, but we consider this unlikely because this does not happen in d=4 gauge theory (without fermions) and because the physical mechanisms for the tachyonic sign are the same in d=3 and d=4.
The second argument modi es, in a crude way, some exact results 13 for the zero-momentum e ective action of pure YM theory, which demand the existence of a condensate. Our modi cations, which are phenomenological in character, suggest that the dynamical gluon mass M vanishes near k c as:
Finally, we nd nite-action solitons of YMCS theory with a gauge-invariant non-topological mass term added 14;15 to represent the contribution of the dynamical mass in addition to the CS mass; these form the condensate.
We emphasize that all these phase-transition and non-perturbative e ects are only expected for the tachyonic sign shown in (1) . If this sign were reversed, there would be no reason to expect a phase transition. The situation is somewhat like that of the quartic oscillator with a potential ! 2 x 2 =2+ x 4 ; if ! 2 is negative, there is a double well and non-perturbative phenomena occur, but if it is positive, the only non-perturbative e ect of any signi cance is the occurrence of factorially-divergent (but Borel-summable) perturbation series.
Non-Perturbative Condensate in YM Theory
We very brie y review some results 13 which prove the existence of a non-perturbative condensate in d=3 YM theory, then go on to the implications of the condensate. 
The rst term in (10) is the classical action; the second term summarizes all zeromomentum quantum contributions. Observe that ?( ) has a minimum at = h i of negative value, a sure sign of the formation of an entropy-driven condensate.
Of what can this condensate be formed? It is no good looking for soliton solutions to the classical equations of motion, because there are none of nite action. But there are quantum solitons 15;16 , owing their existence to a dynamically-generated mass M. In pure YM theory, these solitons exist for any value of M, and all dimensionful quantities (e.g., the string tension) scale with an appropriate power of M.
Recently, estimates have been given 4 of the string tension and the CS susceptibility in terms of M. Of course, the only available scale for M is g 2 , and the quantitative theoretical question is what is the ratio of these two quantities. Since we only address qualitative issues here, this will not matter. (It is not easy to estimate M theoretically, but several groups have tried (see Refs. 1,2, and Karabali and Nair, these proceedings), and there are also recent lattice calculations 17 . All these estimates are comparable, lying around Ng 2 = .)
YM Quantum Solitons and Con nement
A quantum soliton is a classical solution of the equations of motion of an e ective action S eff , which has new terms summarizing non-perturbative quantum phenomena. These new phenomena are exhibited by studying the relevant Schwinger-Dyson (SD) equations. For YM theory, SD equations for the usual propagator and vertices are not useful, because they are gauge-dependent. However, it is possible to combine the pinch technique 1;7;8 with the so-called gauge technique 1;2;18;19;20 (which insures the satisfaction of the pinch-technique Ward identities) to nd appropriately non-linear SD equations which are gauge-invariant. It is such equations which demand 1;2 the generation of a dynamical mass. These equations are truncated and thus only approximations to the full theory, but unlike ordinary approximations they retain gauge invariance at every step.
Since a dynamical mass is generated from the gauge-invariant SD equations, it is natural to add a mass term to the usual action to form the e ective action. This can be done gauge-invariantly in any dimension, and has no relation to the topological mass of CS theory, restricted to d=3. The gauge-invariant mass term is simply a gauged non-linear sigma model, with the sigma model part of the action summarizing massless poles which necessarily appear in the propagators and vertices, but not in the S-matrix; they cancel just as Goldstone poles do once they have been \eaten" to contribute the longitudinal mode of a massive vector particle. (Similarly, there are massless modes in perturbative YMCS theory, but again they do not appear in the S-matrix.)
While this e ective action is adequate for momenta comparable to or smaller than the dynamical mass M, it fails at large momenta, simply because the true dynamical mass coming from the SD equations vanishes at large momenta 1;20 (14) where Q is a group generator such that exp(2 Q) is in the center (Z N ) of the gauge group, M is a free propagator of mass M, and 0 is the massless free propagator.
The loop integral goes over the central core of the string, where the eld strength vanishes via a cancellation between the two propagators.
A closed string such as (14) has a large con gurational entropy per unit length, larger than the e ective action per unit length, and so it forms the entropy-driven condensate of Section 22. Other solitons, such as the sphaleron 16 , do not have such entropy and may not condense.
An area law and a string tension arise from the immersion of a Wilson loop in the vacuum of randomly-uctuating strings. When the Wilson-loop length scales are large acompared to M ?1 , one can discard the M term in (14) for purposes of studying the area law. In this case the remaining 0 term is a singular pure-gauge c A spherically-symmetric sphaleronic solution was described long ago 16 . potential and generates an area law through a Gauss linking integral. For example, for SU(2), hTr exp (15) where L = P L i is the sum of Gauss linking numbers for all the vortices (labeled by the index i) in the condensate. The sum is truncated only to those vortices actually linked to the Wilson loop since otherwise L i = 0. Clearly the total number N of vortices with non-zero linking numbers is proportional (using Stokes' theorem) to some area A whose boundary is the Wilson-loop contour; this area must be the minimum area because any change of the surface spanning the Wilson loop does not change the loop integral in (15) . For a large loop N is large and L is the sum of a large number of random variables, so we can use the central-limit theorem to conclude he i L i = e ? 2 hL 2 =2i ; hL 2 i N A: (16) and an area law emerges.
It is not easy to calculate the various dimensionless coe cients relating hL 2 i to A. However, in d=3 there is a trick which is quite useful. It has long been known 22;23 that a condensate of three-dimensional strings can be mapped onto a scalar eld theory. Until the exact form (10) of the e ective action was known, however, this fact was of little use since the structure of the scalar theory, including coupling constants, was not known. But eq. (10) leads to a speci cation of the form of the scalar action, up to one unknown constant (equivalent to the mass M). This has been exploited 4 to give an estimate of the string tension in terms of M.
It is interesting that for these vortices the Chern-Simons susceptibility in pure YM theory is also given by hL 2 i, with another coe cient to be determined. This happens because the CS term for large vortices is a Gauss linking number 24;25 , with short-distance corrections coming from the M term in (14) which remove singular intersection contributions to the linking number. Again following the work of Edwards 26 one can map the calculation onto a coupling of the above-mentioned (complex) scalar eld theory to an Abelian Chern-Simons gauge boson. The CS susceptibility follows from a three-loop vacuum-graph calculation, in which all terms are nite because of the short-distance cancellation of singularities between the two propagators in the vortex (14) . Details of the estimates of the string tensions and the CS susceptibility are given in Ref. 4 . Now we go on to YMCS theory.
The Phase Transition in YMCS Theory
We add to the YM action of (5) (19) Here is a gauge-xing parameter. There are also massless poles in this propagator, but they do not appear in the S-matrix or other gauge-invariant quantities.
Some time ago, Pisarski and Rao 10 calculated the conventional one-loop proper self-energy in the Landau gauge. This self-energy is not gauge-invariant, and has limited physical signi cance. More recently, the one-loop pinch-technique selfenergy was calculated 11 . This self-energy is gauge-invariant, because it is extracted directly from the S-matrix (or by o -shell techniques too; see Ref. 7 ). The pinch technique 1;8 , which we will not describe in detail, involves using elementary Ward identities to extract propagator-like pieces from vertex, box, etc., graphs, which are added to the Feynman propagator to give a gauge-invariant result. We denote the gauge-invariant proper self-energy by^ ij (p); it has the form ij (p) = ( ij ? p i p j =p 2 )Â(p) + m ija p aB (p): (20) The pinch-technique propagator^ ij (p) is de ned in the usual way:
?1 = ?1 m ?^ (21) From this one can de ne a renormalized mass m R (p) and two running charges, one parity-even and one parity-odd; we discuss only the parity-even charge, called g(p) 
The functionsÂ;B are complicated and lengthy, and we will record here only certain features. First, for large p (or equivalently small m) we nd, as expected, that the running charge is the same as for the YM case of eq. (1) and shows a tachyonic pole. The odd-parity partB simply reduces to the modi cation k ! k + N, the expected 10 result.
Next we look at small p. It turns out thatÂ;B are positive monotone decreasing functions of p and to see the phase transition we need only look at p = 0. We nd at one loop 11 1 ?Â(p = 0) = 1 ? 29N 12k (23) which shows that there is a tachyonic pole for k k c ; k c = 29N=12k:
This value of k c is not, of course, expected to be quantitatively accurate. For example, on the basis of the change of k to k + N one might well argue that the one-loop value of k c is 17N=12k, and certainly higher loops will change the number 29=12. But it is expected that the general structure 1 ?Â(0) = 1 ? cN=k; c > 0 persists, with the crucial sign of c inherited from the corresponding YM result. So the one-loop pinch technique suggests a phase transition such that for k > k c there are no tachyonic poles or other infrared singularities, and perturbation theory works, just as it does for pure CS theory. In the opposite case, we expect that there must be dynamical mass generation in addition to the perturbative mass, along with a condensate of vortices.
We have investigated this possibility in Ref. 11 . In briefest outline, a modication was suggested for the pure-YM e ective action (10) accounting for both a dynamical mass and a CS mass. This e ective action shows a phase transition at k = k c , since for larger k the e ective action has no minimum other than h i = 0, but it has a condensate for smaller values of k. It turns out 11 that the dynamical mass M vanishes like (k c ? k) 1=2 as k approaches k c from below, and of course the dynamical mass vanishes for larger k.
Because the YM vacuum is a condensate of quantum solitons, we ask whether there are any such for a YMCS e ective action with both a dynamical mass and a CS mass. The classical YMCS action S +2 iW CS formed from the sum of (5) and (17) has soliton solutions 12 , but these do not have nite action, and the sphaleron-like solution shows a bizarre singularity structure.
We have found 11 soliton solutions to the classical equations of motion based on an action which is the YM e ective action with dynamical mass of (13) There is also a sphaleron-like solution which can only be found numerically; when M 0:5m, roughly, this soliton becomes singular, like the corresponding D'Hoker-Vinet 12 classical YMCS soliton. The condition M m=2 de nes a second critical value of k which is also proportional to N; this second value is not too far from k c itself.
While these features of tachyonic poles and the existence or otherwise of quantum solitons can only be described approximately, it appears that they do correctly re ect the qualitative nature of the phases of YMCS theory as k is varied.
